The rovibrational partition function of the water molecule is calculated using a classical statistical mechanics approach and a hybrid method recently proposed by Prudente et al. [J. Phys. Chem. A 2001, 105, 5272], which corrects the classical results. The phase-space integrals are solved using a Monte Carlo technique. For temperatures between 500 and 6000 K, the results are compared with previous approximate and exact quantum calculations. Estimates of some thermodynamic quantities for gas-phase water as a function of temperature are also reported and compared with previous results. The calculated partition function, Gibbs enthalpy, Helmholtz function, entropy, and specific heat at constant pressure indicate that the hybrid scheme can provide accurate thermodynamic data for polyatomic molecules at high temperatures.
Introduction
Accurate thermodynamic data of gas-phase polyatomic systems are of great importance in chemistry and physics. In principle, the partition function, and hence other thermodynamic properties, can be evaluated exactly in quantum statistical mechanics by summing directly over all of the energy levels of the system (so-called sum-over-states). Although an enormous advance has been made in recent years along this line of approach, the calculation of rovibrational states is currently feasible only for systems with a few degrees of freedom, [1] [2] [3] [4] [5] which limits the applicability of the sum-over-states approach to small molecules. [6] [7] [8] [9] To overcome this problem, the partition function and related thermodynamic data have been traditionally calculated by fitting effective Hamiltonians to experimental data. [10] [11] [12] [13] However, the accuracy of the results obtained by using the traditional methods is expected to be poor at high temperatures 8, 14 and for floppy (anharmonic) systems. 15 For the above reasons, several procedures have been proposed as routes to the direct sum-over-states approach and fitting of experimental data. These include the hybrid analytic/direct summation method of ab initio calculations, 14 Fourier pathintegral Monte Carlo methods, [16] [17] [18] and classical statistical mechanics (CSM) methods both with consideration of quantum, 19 semiclassical, 20 and semiempirical 21 corrections and without consideration of such corrections. 15, [22] [23] [24] [25] In a previous paper, 26 we surveyed briefly the most popular classical methods, which employ corrections of various types, and proposed a novel scheme (hybrid LCP/QFH), which consists of adding an effective potential to the classical Hamiltonian to mimic quantum effects. Such a method blends the advantages of the linear classical path 27 (LCP) and the quadratic FeynmanHibbs 28 (QFH) methods while avoiding their nondesirable features. In fact, preliminary calculations for diatomic molecules 26 have shown that the hybrid LCP/QFH method performs generally better than previous approaches for moderate and high temperatures.
A major goal of this work is to extend the hybrid LCP/QFH calculations of the rovibrational partition function and thermodynamic properties [e.g, the Gibbs enthalpy function (gef), Helmholtz function (hcf), entropy (S), and specific heat capacity at constant pressure (C p )] of gas-phase triatomic systems described by realistic potential energy surfaces. Thus, we envisage a simple and relatively inexpensive computational scheme amenable to generalization to multidimensional systems and that can provide accurate internal partition functions (and other thermodynamic data) for such polyatomic systems. Conversely to previous work, 15, 23, 26, 29 the multidimensional phase-space integrals that appear in the classical formalism will be evaluated by using a crude Monte Carlo method to sample the coordinates, while the Barker Monte Carlo algorithm 30 will be used to sample the conjugate momenta (see later).
As a case study, we consider the H 2 O molecule in its ground electronic state. Indeed, water is the most common polyatomic molecule in the universe, being fundamental to life and an essential constituent of the Earth's atmosphere. Its thermodynamic data at high temperatures is therefore of great importance for modeling combustion, exhaust gases, and the atmosphere of cool stars, just to mention a few examples. Moreover, the H 2 O molecule is representative of molecular systems with a deep potential well and commonly plays the role of a benchmark system both for bound-state and for reactive scattering calcula-
It is also known for the poor results of the partition functions that are obtained even at moderate and high temperatures when using CSM. 20, 23 Because of relatively simple and fundamental characteristics of water, there are many predictions of its partition function and thermodynamic properties, 7, 8, [10] [11] [12] [13] [14] 18, 20, 23, 31 including the more recent and accurate estimation obtained by Vidler and Tennyson. 32 This will allow a detailed test of our method.
The paper is organized as follows. In section 2, we discuss the calculation of the internal partition function and related thermodynamic properties by using the standard classical statistical mechanics and hybrid LCP/QFH methods and summarize the Monte Carlo procedure utilized to evaluate the involved multidimensional phase-space integrals. The details of the calculations and results are presented in section 3, while some conclusions are in section 4.
Methodology

General. The molecular partition function is usually expressed as
where Q tr , Q elec , and Q rovib are the translational, electronic, and rovibrational contributions, respectively. Although Q tr can be calculated using the ideal gas formalism 33 and Q elec can be assumed to be unity (because no electronic excited states are involved; 8, 14 for a discussion on this issue, see ref 34) , Q rovib has to be evaluated from the potential energy surface by using quantum statistical mechanics or an approximate procedure. In this work, we use two formulations based on classical statistical mechanics. In the first approach, Q rovib assumes the standard classical form 33, 35 where H CM (q,p) is the classical Hamiltonian, 0 is the zeropoint energy of the system, ) 1/(k B T), k B is the Boltzmann constant, T is the temperature, h is the Planck constant, n is the number of degrees of freedom, q is the generalized coordinate vector, and p is the corresponding conjugate momenta. In the second approach, we employ the hybrid LCP/QFH method, which corrects the classical rovibrational partition function by adding an effective potential to the classical Hamiltonian. One has 26 where the effective potential is given by with A ) p 2 /(48µ). The first term (×2) of eq 4 is the quadratic Feynman-Hibbs (QFH) approximation 28 of the Feynman path integral formulation, while the second one (×2) is the linear classical approximation (LCP) due to Miller. 27 We have shown in a previous paper 26 that the QFH method generally underestimates the values of the quantum partition function, while the LCP approximation overestimates the values at low and moderate temperatures. Note that the subscript B in eqs 2 and 3 implies that the hypervolume of integration is restricted to phase-space regions corresponding to a bound-state situation: 36 0 e H CM (q,p) e D e , where D e is the classical dissociation energy of the molecule with the minimum of the potential energy surface assumed as the reference energy. In turn, the factor exp-( 0 ) in eqs 2 and 3 is required to compare with previous results for water, which have been calculated by assuming the zeropoint energy ( 0 ) as the reference energy.
A temperature-dependent estimate of the thermodynamic quantities considered in this work can be obtained from the partition function and its first and second moments, the rovibrational contributions of which are defined by 14 where the rovibrational partition function is expressed as in eqs 2 or 3. In principle, the moments could be obtained through numerical differentiation of Q rovib CM or Q rovib LCP/QFH , although it is more advantageous to differentiate them analytically. For the standard classical approach, the resulting expressions are where H CM (q,p) ) H CM (q,p) -0 , while for the hybrid LCP/ QFH approach, one has The ideal gas thermodynamic functions as a function of temperature can be obtained in terms of Q rovib , Q′ rovib and Q′′ rovib as follows:
where gef tr (T), hcf tr (T), S tr (T), and C p tr (T) are the translational contributions, which, for an ideal gas, assume the form 10 with R being the gas constant and p the pressure. The H 0 constant, which appears in gef(T) and hcf(T), is the reference enthalpy at the JANAF reference temperature of 298.15 K, 10
] dq dp (7)
The Gibbs enthalpy function
The Helmholtz function
The entropy
The specific heat capacity at constant pressure 
and the effective potential (V eff ) used to calculate the rovibrational partition function of a system with three structureless particles; m i will be the mass of the i-th particle, and X i will be its position vector with respect to the space-fixed axes. The rovibrational motion of the three particles relative to the center of mass of the system can be described by using mass-weighted Jacobi vectors 37 and their corresponding conjugate momenta P r and P R , which defines a 12-dimensional (12D) phase space. In eqs 19 and 20, d is the mass scaling or normalizing factor, and is the three-body reduced mass; M ) m 1 + m 2 + m 3 is the total mass of the system. With the use of this phase-space coordinates set, the expression of the classical Hamiltonian assumes the form where R ) |R|, r ) |r|, and θ ) cos -1 (R‚r/(Rr)) are the internal mass-weighted Jacobi coordinates, P R ) |P R |, and P r ) |P r |. Note that the classical Hamiltonian depends explicitly only on the variables R, r, θ, P R and P r . Note further that the interatomic distances (r 12 , r 13 , r 23 ) and internal mass-weighted Jacobi coordinates are related by Thus, the phase-space integrals, which appear in the classical rovibrational partition function (without any correction) and the hybrid LCP/QFH method, as well as on the corresponding moments, can be written in terms of internal mass-weighted Jacobi coordinates and the moduli of the conjugate momenta as follows:
Such expressions can be obtained by adopting spherical polar coordinates to describe R, r, P, and p and performing analytically all of the integrals involving coordinates on which the Hamiltonian does not depend explicitly. Note that the multidimensional phase-space integral is then reduced from 12D to 5D. The function F(‚‚‚) collects the integrands of eqs 2, 3, 7, 8, 9, and 10.
Moreover, for the hybrid LCP/QFH method, one requires the effective potential [eq 4] in terms of internal mass-weighed Jacobi coordinates. After some simple algebra, we can write the terms in and 2 as and Finally, to perform the integratations involved in the rovibrational partition function and related thermodynamic quantities, we employ a Monte Carlo procedure, which will be described next.
2.3. Monte Carlo Approach. The methods generically classified as Monte Carlo offer one of the most powerful techniques to evaluate multidimensional integrals (e.g., see refs 38 and 39). Examples of their use in chemical physics are the determination of classical partition functions and density of states for molecular systems with realistic potential energy surfaces. [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] In previous work, 15, 23, 26, 29 we have used such a method based on an adaptation of the Monte Carlo algorithm originally reported by Barker 30 within the context of transitionstate theory. The spirit of such an algorithm is akin to the idea of importance sampling and consists of choosing a sampling domain that coincides as much as possible with the integration domain. Thus, the variables are not sampled independently of each other, but instead some kind of dependence is introduced. This leads to a normalized but nonuniform distribution and, hence, requires the use of appropriate weighting factors (see refs 29 and 30 for details).
However, as pointed out elsewhere, 23 the sampling of the configurational space for systems of which the potential energy surfaces possess two or more minima is not a trivial matter when using the Barker algorithm. In fact, the sampling becomes complicated and time-consuming, which led us to utilize here
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the simpler crude Monte Carlo approach to sample the internal mass-weighed Jacobi coordinates (R, r, θ). However, we keep using Barker's algorithm to sample the modulus of the conjugate momenta (P R and P r ). Note that in the crude Monte Carlo integration the variables are sampled independently of each other using a sequence of pseudorandom numbers, which generate a uniform distribution over the configuration space. As already noted, all multidimensional integrals encountered here have the general form of eq 25, and hence, we summarize below the general procedure adopted to evaluate them. It involves the following steps:
(1) Define a minimum and maximum displacement for each of the internal mass-weigthed Jacobi coordinates, namely, R min , R max , r min , r max , θ min , and θ max , so that the sampled hyperrectangular volume defined by these three coordinate intervals includes the true volume of integration (i.e., V(R,r,θ) e D e for P R ) P r ) 0) but is as much as possible close to it.
(2) Sample randomly R, r, and cos(θ) within their range to obtain the values R S , r S , and θ S according to where is a random number in the range [0, 1].
(3) Calculate the potential at the sampled point, V S ) V(R S ,r S ,θ S ). If it represents a bound-state situation (i.e., V S e D e ), move to the next step. Otherwise (i.e., the sampled point lies outside the true hypervolume of integration B), go to step 6.
(4) Following Barker's procedure, find the minimum and maximum displacements and the sampled value for each conjugate momenta P R and P r according to
The sampled point x g S ) (R S , r S ,θ S , P R S , P r S ) is therefore within the hypervolume of integration B.
(5) Calculate the weight factor associated with the sampled point x g S according to where which represents the hypervolume (divided by h 6 ) associated with x g S .
(6) Repeat N T times the steps 2-5 to evaluate the integral of the eq 25 as where
is the function to be integrated, N T is the total number of sampled points, and N in is the total number of sampled points that are within the hypervolume of integration B. The standard deviation associated with eq 31 assumes the form Note that the efficiency of this Monte Carlo procedure, which is defined by ) N in /N T , is not close to 1 as in Barker's algorithm but is certainly larger than for the crude Monte Carlo method because Barker's method is still employed to sample the momenta. Note further that such a fact does not imply that the present Monte Carlo procedure requires a larger computational effort than the one based on Barker's algorithm. The reason is that the determination of an integration domain close to the true hypervolume B as required in Barker's algorithm can itself be time-consuming because of the necessity of calling the potential-energy surface routine many times.
Technical Details and Results
The rovibrational partition function and its first and second moments have been computed from the standard classical statistical mechanics expressions in eqs 2, 7, and 8 by using the Monte Carlo method described above. Calculations have also been carried out by using the hybrid LCP/QFH method (eqs 3, 9, and 10). Moreover, calculations of thermodynamic functions are reported from Q rovib , Q′ rovib , and Q′′ rovib by employing eqs 11-14. All calculations considered a standard state pressure of p ) 1 bar (10 5 Pa) as used in the JANAF 10 tables and by Vidler and Tennyson. 32 To describe the H 2 O molecule, we have employed the energy-switching (ES) potential energy surface reported by one of us. 50 This has been obtained by merging a modified form of the global many-body expansion (MBE) potential of Murrell and Carter 51 and a spectroscopically accurate polynomial form reported by Polyansky et al. 52 (known as PJT1). The classical dissociation energy of the ES potential energy surface is D e ) 0.199 865 54E h . Besides being global and having spectroscopic accuracy where this is known, such a potential energy surface offers the advantadge of its analytical first derivatives with respect to the internuclear distances having been obtained. 53 Thus, only its second derivatives are needed to be calculated numerically for the purpose of evaluating the effective potential (eq 4) according to the hybrid LCP/QFH method. They have been calculated numerically from the known analytical first-derivatives, thus avoiding errors inherent to the numerical estimation of high-order derivatives.
Before we present the results, we should define the R, r, and θ displacement intervals, of which the importance has been highlighted in the previous section. Thus, to improve the efficiency of the Monte Carlo procedure, we should establish the smallest hyperrectangle that contains the domain of integration B. This can be defined by the minimum values of R and r when varied independently from each other, while the maximum values of R and r are fixed at the asymptotic region of the potential. Using such a procedure, we have obtained R min
) 1.244 44a 0 , R max ) 10.0a 0 , r min ) 1.230 90a 0 , and r max ) 10.0a 0 . For θ, we have taken θ min ) 0.0 rad and θ max ) π rad. All results from the present work have been calculated using three distinct Monte Carlo sequences of random numbers obtained from different seeds for the pseudorandom number generator. In particular, we have used the ran2 subroutine from Numerical Recipes. 54 Each sequence has been computed from a total of 4 × 10 8 sampled points, totaling N T ) 1.2 × 10 9 . Table 1 shows some of the values calculated for the rovibrational partition function Q rovib LCP/QFH using the hybrid LCP/QFH method, together with the corresponding statistical uncertainties. As expected, the various calculations coincide within their statistical uncertainties. Moreover, the Monte Carlo error of the final results is smaller than 1.4% for temperatures above 1000 K and decreases with T (e.g., for T ) 6000 K, it is only 0.08%). Note that the Monte Carlo efficiency ( ) N in /N T ) of our procedure is about 6.5%. 32 (Q rovib VT ), which were obtained by performing an explicit summation over experimental and theoretical rovibrational energy levels, and of Harris et al. 8 (Q rovib HVMT ), which were determined from a summation over theoretical energy levels. Also included is the Irwin fit 13 (Q rovib Irwin ) to the partition function data from the JANAF thermochemical tables. 10 Note that the rovibrational energy levels used in the Vidler and Tennyson calculations have been obtained from three separate sources: experiment where available, 55 computations from the spectroscopically determined PJT2 56 potential energy surface for levels with total angular momentum J e 42 and E i e 30 000 cm -1 , and the assumption that vibrational and rotational motions can be separated for higher energies up to dissociation. In this case, the vibrational levels were computed by Mussa and Tennyson 57 using an ab initio potential energy surface, 58 while the rotational levels were estimated using the Padé approximant model of Polyansky. 59 Regarding the calculations by Harris et al., the computed rovibrational levels were obtained from the spectroscopically determined PJT2 56 potential energy surface for J e 35 and E i e 30 000 cm -1 , while a procedure similar to that employed by Vidler 32 and Harris et al. 8 ) is somewhat arbitrary because of the different potential energy surfaces that have been employed for the calculations. In any case, the agreement between the hybrid LCP/QFH rovibrational partition function with previous results (Q rovib VT , Q rovib HVMT , and Q rovib Irwin ) is quite satisfactory at low temperatures (T ≈ 500 K) and good at moderate and high temperatures.
Rovibrational Partition
The other two sets of results evaluated directly by using the Monte Carlo multidimensional integration are presented in Tables 3 and 4 (respectively, the first and second moments of at temperatures above 5300 K. However, as noted above, the results of Vidler and Tennyson 32 employ (for high temperatures) calculated high-energy rovibrational levels and a model for the highest rotationally excited states, and hence, such a behavior can partly be attributed to the use of different potential energy surfaces. Tables 2-4 have been used to obtain the Gibbs enthalpy function (gef), the Helmholtz function (hcf), the entropy (S), and the specific heat capacity at constant pressure (C p ). The results, with their associated errors obtained from the standard error propagation formulas, are given in Tables 5-8 , respectively. For comparison, we also give the results from Vidler and Tennyson (VT) 32 and Harris et al. (HVMT), 8 as well as those from the JANAF thermochemical tables. 10 As expected, the hybrid LCP/QFH results are more accurate than those computed from standard classical statistical mechanics. In general, the thermodynamic quantities calculated with the hybrid LCP/QFH method are in good agreement with previous studies (i.e., deviations of about 1%) at temperatures above 1000 K, while those obtained using the standard classical procedure show a similar agreement only at much higher temperatures. Moreover, assuming as reference the results of Vidler and Tennyson, 32 Tables 5-7 show that the hybrid LCP/QFH results look better than the HVMT and JANAF ones over some range of temperatures. For example, gef LCP/QFH lies closer to gef VT than gef HVMT and gef JANAF for T e 5300 K and T e 4800 K, respectively. In turn, for the Helmholtz function, such a pattern is observed at temperatures above 3800 K when comparing to the Harris et al. 8 results and at 4000 e T e 5000 K in relation to the JANAF 10 values. For the entropy, we observe a better agreement between S LCP/QFH and S VT for temperatures above 1500 K when compar- ing to S HVMT and for temperatures over the range 2000 e T e 5700 K when considering S JANAF .
Thermodynamic Quantities. The values reported in
For the specific heat capacity at constant pressure, the agreement between the various results is worse than for the other thermodynamic quantities. In fact, C p is particularly sensitive to convergence of the partition function, because it is determined from the difference between the second and the square of the first moments. In particular, previous workers 8, 32 have called attention to the fact that it is difficult to obtain reliable results for C p at high temperatures. In our calculations, this can be quantified from the size of the Monte Carlo error associated with the C p results, which is proportionally higher than the Monte Carlo error for the other thermodynamic quantities. However, conversely to previous calculations, the uncertainties in both sets of calculations reported in the present work decrease with temperature. This is particularly clear in Figure 2 , which shows C p as a function of temperature. In any case, C p LCP/QFH follows much better the general behavior of the Vidler and Tennyson, 32 Harris et al., 8 and JANAF 10 results than C p CM , specially for T e 4000 K. Moreover, if we assume C p VT as reference, then we can claim that the hybrid LCP/QFH results are more accurate than C p HVMT at temperatures above 2400 K and C p JANAF at T g 2200 K. Finally, we comment on an interesting feature that is observed at temperatures above 4000 K. While the JANAF specific heat value continues to increase with temperature, both our results (based on standard classical statistical mechanics and the hybrid LCP/QFH method) and those of Vidler and Tennyson 32 and Harris et al. 8 show a maximum at about 4500 K before decreasing for higher temperatures. Such a feature may be attributed to a saturation of the energy levels of water in its ground electronic state, given that the phase-space hypervolume B associated with a boundstate regime is finite. A similar explanation was suggested by Vidler and Tennyson 32 on the basis of the fact that the number of rovibrational energy levels is finite; see also ref 60. Such a feature is absent from the JANAF results because the results for T g 4000 K have been obtained using a linear extrapolation.
Conclusions
Through the use of the standard classical statistical mechanics and hybrid LCP/QFH methods, calculations of the rovibrational partition function of water and related thermodynamic quantities have been reported as a function of temperature. The hybrid LCP/QFH results are found to be rather more accurate than the standard classical ones, both for the partition function (as shown previously for diatomic systems 26 ) and for thermodynamic properties (Gibbs enthalpy function, Helmholtz function, entropy, and specific heat at constant pressure). Moreover, the hybrid LCP/QFH results have been found to be in good agreement with previous calculations based on experimental or theoretical rovibrational energy levels or both 8, 32 and an approximate compilation 10 for temperatures between 1000 and 6000 K. In summary, our hybrid LCP/QFH method can provide accurate values of the partition function and related thermodynamic properties of polyatomic molecules described by realistic potential energy surfaces at moderate-and high-temperature regimes in which the exact sum-over-states quantum mechanical treatment is unaffordable.
